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1 Introduction

We provide a brief summary of the mathematical notation used in the course. We
assume that you have seen the notation or are at least familiar with the concepts
from other courses.

2 Sets

A set is a collection of objects. One interesting set is thenull setor theempty set,
the set that has no elements in it. We will refer to this set (denote this set) by the
symbol∅. We will use the notation

A = {x : . . .}

to denote the set namedA which consists of all the setsx that satisfy some prop-
erty indicated by the “. . .”.

If A andB are sets, thenA ∪B, theunionof A andB, is the set consisting of
all the elements from eitherA or B or both. The setA ∩ B, theintersectionof A
andB is the collection of elements in bothA andB symultaneously. Ife ∈ A (e
is an element of the setA), then{e} is the set consisting of the single elemente
andA \ {e} is the set consisting of all the elements ofA except the elemente.

If A andB are sets, then if every element ofB is also inA, we say thatB is
a subsetof A. We write this asA ⊆ A. If C has elements not inA then we can
write C 6⊆ A.

If A, B andC are sets, the setA×B is the set of all ordered pairs of elements
(a, b) wherea ∈ A andb ∈ B. Using our set notation described above we have:

A×B = {(a, b) : a ∈ A ∧ b ∈ B}
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We can, of course, extend this notation to for example toA×B×C to ordered
triples(a, b, c) and beyond.A×B is sometimes called thecrossproductof A and
B.

If A is a finite set then the number of elements inA is sometimes called the
cardinalityof A. We abbreviate this by the notation|A|.

If A is a set then thepowersetof A is the collection (set) of all subsets of
the setA, including the empty set and the setA itself. We denote this either by
the functional notationP(A) or the exponential notation2A. The reason for this
notation is that ifA is a finite set, then we have the result

|2A| = 2|A|

which is an interesting notational convenience.
Another interesting result of our notation is that ifA andB are finite sets then

|A×B| = |A| × |B|

where the second “×” is normal integer multiplication.

3 Relations and Functions

If A andB are sets then arelation R betweenA andB is a subset ofA × B,
R ⊆ A× B. The first set,A in our example, is called thedomainof the relation.
The other set,B in our example, is called therangeof the relation.

If each element ofA appears exactly once in the relationR, such a relation is
called a function. We might describe this as:

R : A → B

For each element ofA we can associate a single element ofB via the releationR.
If (a, b) ∈ functionR, then we can writeR(a) = b.

If R is a relation,R ⊂ A×B, we can define the inverse relationR−1 by

R−1 = {(b, a) : (a, b) ∈ R}.

Note that ifA is the domain ofR andB is its range, thenB is the domain ofR−1

andA is its range.
If both R andR−1 are functions then for each element ofA, R associates a

unique element ofB and for each element ofB, R−1 associates a unique element

2



of A. Another way of seeing this is that each element of the domain is the first
element of exactly one pair in the relation and each element of the range is the
second element in exactly one pair in the relation. IfR andR−1 are both functions
thenR is said to be1 ↔ 1, read1-to-1.

3.1 Example

The relationR−1 always exists, but it may not always be a function, even ifR is.
The following very simple example illustrates this.

Consider the relation (described in pairs)

R = {(1, b), (2, a), (3, a)(4, c)}

The domain ofR is {1, 2, 3, 4} and the range ofR is {a, b, c}. Note thatR is
a function, because for each element in the domain, there is exacly one pair that
contains that element of the domain. Note thatR−1 = {(b, 1), (a, 2), (a, 3), (c, 4)}
is not a function since there are two pairs that contain the first elementa.

SinceR−1 is not a function,R, in this case, is not1 ↔ 1 (which we could
write as1 6↔ 1).

4 More on Sets

SupposeX andY are sets anda ∈ (X ∪Y ). LetR ⊆ X×Y . Then we can define
R \ a as

R \ {a} = R ∪ ((X \ {a})× (Y \ {a}))

This is the collection of all the elements ofR that do not have the elementA as
either a first or second element.

5 Sequences

5.1 Standard Approach

SupposeA ⊆ X . We can define a sequenceS as an ordered list of elements ofA.
We will denote this list by:

S =< a1, a2, a3, . . . , an >
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This sequence has exactlyn elements. The first element of the sequence isa1,
the seconda2, etc., with the lastan. We will say that the sequenceS is basedon
the elements of the setA, that is the elements of the sequence are taken from the
elements ofA. For reasons that will become apparent below, we may also callA
therangeof the sequenceS.

We distinguish sets from sequences by using the delimeters< and> for se-
quences. The elements of of the sequence do not need to be distinct. For example,
if a, b ∈ A, then the sequence

n times︷ ︸︸ ︷
< a, a, a, . . . , a >

of n a’s is a perfectly fine sequence as is

<

n times︷ ︸︸ ︷
a, a, a, . . . a,

m times︷ ︸︸ ︷
b, b, b, . . . , b >

We will assume that our sequences are always indexed starting from1, unless
we state otherwise.

Most of our sequences will be finite, that is there will be a finite number of
elements in the sequences.

5.2 An alternative approach

We can use an alternative approach to describe sequences. SupposeZ+
n is the set

of positive numbers starting at 1 and continuing up to and includingn.1

Suppose we some setA ⊆ X , then we can define the sequenceS as a function

S : Z+
n → A

If we want to map to our other notation, the sequence would look like:

< S(1), S(2), S(3), . . . , S(n) >

In this case we haveS(1) = a1, S(2) = a2, etc.. SinceS is a function, we could
have the samea ∈ A as the value ofS for more than one number. Using this
notation, it is easy to pick out specific elements of the sequence.

Of course, if we want to talk about infinite sequences, then our domain be-
comesZ+, the set of all positive integers.

1 Normally Zn is the set of numbers starting at0. I have added the+ superscript above to
indicate that we are not including0.
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5.3 Length of a Sequence

We will say that a sequenceS =< a1, a2, . . . , an > is of lengthn. Alternatively
if S : Z+

n → A then this also represents a sequence of lenghtn. In either case, we
may writelen(S) = n.

6 Relationships among sequences

6.1 Initial sequence

SupposeS1 =< a1, a2, a3, . . . , ak > andS2 =< b1, b2, b3, . . . , bm >. We will say
thatS1 is aninitial sequenceof S2 if k ≤ m andai = bi for all 1 ≤ i ≤ k. We
might also call this aninitial subsequence.

6.2 Subsequences

There are two notions of subsequence that we can define. Again, suppose we have
S1 =< a1, a2, a3, . . . , ak > andS2 =< b1, b2, b3, . . . , bm >. We will say thatS1

is aproper subsequenceof S2 if k ≤ m and there is somej, 1 ≤ j ≤ m such
thatj + k − 1 ≤ m anda1 = bj, a2 = bj+1, . . . ,ak = bj+k−1.

What we are trying to say here is thatS1 appears exactly (with no additions
and no gaps) insideS2.

The other notion of subsequence is a bit more complicated to explain. Again,
we start withS1 andS2 as defined above. In this case we want to be able to pick
out the sequenceS1 from inside the elements ofS2. The elements ofS1 are inS2

in the right order, but two elements that are adjacent inS1 may not be adjacent in
S2. If this is the case, we will say thatS1 is just asubsequenceof S2.

To describe this more formally, we will say thatS1 is asubsequenceof S2 if
there is an injection2, J ,

J : Z+
k → Z+

m

that maps the indicies ofS1 into the indicies ofS2 so that ifi < j thenJ (i) <
J (j) andai = bJ (i) for all 1 ≤ i ≤ k. As a consequence of this definition, every
element of the sequenceS1 appears in the sequenceS2 in the right order.

2Recall that an injection is one-to-one mapping that is not necessarily onto.
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6.3 Sets of Sequences

We will find it useful to describe sets of sequences. IfA is some base set then we
can define

A = {< a1, a2, a3, . . . , ak >: k ∈ Z+, ai ∈ A, 1 ≤ i ≤ k}

This is the set of all sequences using the elements from the base setA. We could
limit this to some set of finite sequences as follows,

An = {< a1, a2, a3, . . . , ak >: k ∈ Z+
n , ai ∈ A, 1 ≤ i ≤ k}

We may sometimes abbreviate/abuse the notation as follows:

{< a1, a2, a3, . . . , ak >: k ∈ Z+, ai ∈ A, 1 ≤ i ≤ k} = {< a : a ∈ A >} =< a : a ∈ A >

These are all the sequences of length≤ n from the base setA.
If A andAn are defined as above then it is easy to see that

An ⊂ A

and that ifk ≤ n then every element (sequence) ofAk is an initial subsequence
of some sequence inAn. In fact we could show that

Ak ⊂ An

6.4 Examples

Suppose our setA = {x, y, z, w}. Suppose we have

S =< x, y, z, w, x, x > .

The we might talk ofS(1) = x, S(2) = y, S(3) = z, . . . ,S(6) = x.
If we defineS1 =< x, y, z >, then it should be clear thatS1 is an initial

subsequence, a proper subsequenceand asubsequenceof S. The first two
should be straighforward. For thesubsequenceproperty, we need to find the
injection. In this case, it should be very easy:

Z+
3 → Z+

6

1 → 1
2 → 2
3 → 3
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If S2 =< y, w, x > thenS2 is asubsequenceof S in two different ways. In
the first way, the injection is:

Z+
3 → Z+

6

1 → 2
2 → 4
3 → 5

Note here that thex in S2 maps to the firstx in S.
The other injection has a very similar form:

Z+
3 → Z+

6

1 → 2
2 → 4
3 → 6

but in this case, thex in S2 maps to the secondx in S.

6.5 Exersizes

Suppose thatA = {x, y, z, w}. How many elements (sequences) are there inA3?
Be sure to justify your arguement.
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